W38. Let (a,), be a sequence, given by the recurrence:
mapy + (m—2)a, —an—1 =0
where m € R is a parameter and the first two terms of (a,), are fixed known
real numbers. Find m € R, so that
lima, = 0
Laurentiu Modan.
Solution by Arkady Alt , San Jose ,California, USA.

Noting that for m = 0 the recurrence becomes —2a, —a,-1 = 0 <
a, = —%an_l,n eN < aq, = (—%)nao and, therefore, lima, = 0 in that case,
we assume for further that m € R\{0}.
Let p be solution of equation p — % = m, which is solvable for any m € R\{0},
[ 2,2
namely, p = %
[ 12,2
Then{p | p= w and m € IR\{O}} = R\J0,1,-1} and

ma, + (m—2)a, —a,-1 = 0 becomes, (p - %)anﬂ +(p- % -2a,—ayp-1 =0 &

(1) @*>-Dawn +@?>-2p—-1)a,—pa,-1 = 0,n € N,
Since numbers pl 1 ,—pi 1 be solution of characteristic quadratic equation
@P>-Dx*+@*-2p-1)x—-p=0

_ 1 pao (—1)””1?"( __ap )
thenan_(p—l)"(al+ >+ ai FES ,neNU{0}.

p+1 @p+1)"
lim (p_ll)" =0
For any fixed ag,a; the claim lima, = 0 is equivalent to i =
lim—2——
=2 (p+1)
> 2
p-1>1 P p>2
» = P<0 o 1 .
‘er ] <1 1 -5 <p<0

Thus, lima, = 0iff m = 0orm = h(p) == p - %, p < (2,0)U (—%,0).
Since p - % increase on (0,) and on (-,0) then 4(2,x) = (3/2,%) and

h((-1/2,0)) = (3/2,) and, therefore, lima, = 0iff m € (3/2,00) U {0}.



